
Belinson's conjecture for the Dwark family. 1
.

(joint work in progress with Lambert A Campol
·

Motivation. (n even)O
.

Dwark family : Yt : X* +x ... + Xn* = (n +1) . t . X.... Xn in Pl

-

IE.g. t = 0
- Fun at hypersurface In = 2 mo univ family of elliptic cures with 3-torsion

Group actions : G = I
Gent

= H = 21 - G : π3i = 13
A

A

(o)(3n+1) Mt)(n+1) any +

-> consider Mt := (Yt) motive of H-invariants/Q

They (Hanis-Shepherd-Barron-Taylor)
II

Mt is potentially automatic" , i.e. F extension K/Q and

an automaphic rep .
It of Glnk S .

t. LIME
,
s) = L(π , S).

I

In particular , LIM+, 5) has analytic cont . & functional equ.
L(Mt

,
5) v L(Mt , n - s)

E. g. n =2 : mod
. formsot 2 & L(f , S)

n= 4 : can strengthen this to it on GSP4
,
2
A L(H , spin , s)

Goal
. Study Belinson's conjecture for LIMt , s) = L(+, S) :

L(Mt
,
n) ~L (Mt

,
O) ?

.. HELME ,R()) = CH"(ME, n) = Kn(ME)
(conjecturally dim n)

.

Ruck
.
Related work of Doran-nar constructs one class.



Strategy . defoun !
2.

1 . t= 0 --> 2. t + 0

Yo : x... +x = 00G H8Yt : X!
*
+ . .. +X+= (n+ 1) +Xo ... Xn

> construct enough classes -> find deformationIt of Go
↓C

. Hu (Yo , Q(u) t
d+ reg(x+ periods of Ye
=> integrate & use t = 0

to get constant term

1
. Milnork-theory of Fermat hypersurfaces.
In general , consider the degree & Fermat hypersurface :

Fa : x9 ...
= x& in D

n+ 1

Ed : = Md/UMd Ed)"c- a
-

representatives
=> (F9

, 1 prim = A F, a 9;=(1 , ...,d3
& S .
t.

+ 0

a+ 0 basis : cod
We consider the class :

↑ ·= 21- *, .... 1- 3 Ek((()(Q.8

& Keir's regulator on Milevar K-theory rege .

Def . For E = (4, , . .

., (n) E 50 , 13 , define
F(x , + i) . . . I(n + in)

E#(1) : =

it30f(x , +..
- + an + 3 + . + in + 1) .



3
.

Runk
.

· #(1) = value at 11, . . ., 1) of Lauriciella's multivariable

huspergemetric series , called FB.
· Previously , thought it can be expressed in teams of the single
variable hypergeometric series +. Fu , but it doesn't seem so.

Mun (AlCampo -H . ) . - (Q(fn) as above . Then on the

analytic open set U : = <Xo = 1 , il < 13 , we have :

reg((0) = #[ a, ...) · 08 .2
d q-(d) "

(Note : basis of Hn- (F(D), > restricts non-trivially to U => this is enough .)

Rules : For n = 2 : [ (sure) , rank 17
· due to Otsubo (Crelle

,
2011)

· deformation to t 0 due to Nemoto (preprint , 2023).

2
. consequences for Beilinson's conjecture . [K>2) dim > 1)

,
rank
, 17

&

Technical issue :

Have : Beilinson's conjecture .

· CofU(Q(n)) [FdoJECH" (Fuldirkol , n) m · BE CH(Fn9 , n
??

· reg(x) = ...

= regB (B)
· regB(B) ~ (

*
(H" (fn9) , 0)

U

Assumption (*) .
F BE CH(fn , n) = HLF , (n) S .

t.

reg"([o) In = reg(B) /u .



4.

Consider the simplest case d = 2 , i .e.
x
,

2
+ x2 + ... + Xp = = in P".

Tum (lCampo-H .) . Under assumption (*) , n > 3 odd :

4k
3+(-2k) v +23(2k + 1) n= 4k + 1

,

(E)
L*( , 2 +~L , 2k) n= 4 k-1 .

n times

~ X S
T

x = (=)

Examples. Numerically (up to 15 digits) :

(1) n= 3 : F(E,, ) = 8 2 L'(X
,
- 1) = 4 +)L(x, 2)

(2) n= 5 : F( , , , ,E) =- + + 31 2) = = +> 3(3)
(Apery's constant

shetch of proof.
Step 1

.

In the cat
. of Chow motives/Q :

(-2k) n = 4k + 1
I

ME E & (x) (-2k+1) n= 4k - 1
.

Step2. U = 4k + 1 for simplicity (,
Hm n) = HM((-2G) , n)

n -4k( , n - 2k)= Hu

= Hy) ,2k + 1)
= k4k+1(Q)

& Barel proved : · KyrH(Q) =
· 3
* (-2k) ~ regulator of + ().



5.
3 . What's next ?

·Can we remove assruption (*) ?

· Ford 2
,
should get consequences for Belinson's conjecture

for characters of Q(5d) .
· In higher ranle : get more classes by going to covers

a pushing forward .

· Finally , deformation to 0 & applications to autanaptic focus.


